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INTRODUCTION 
The general incomplete Lipschitz-Hankel integral of Bessel functions of 
the first kind is defined by 
J,,,(a, z) = j; e”‘tpJ,,( t) dt. (1) 
Here the symbol e denotes the presence of the exponential function, and 
p, v may be complex numbers. Analogously, we may define integrals that 
contain the functions sin(at) and cos(at) in place of exp(at): 
J,,,.~,(~~ z) = J; sin(at) PJ,( t) dt (2) 
cos (at) t”J,,( t) dt. (3) 
The integrals in Eqs. (1) and (3) converge for Re( 1 + p + v) > 0, the integral 
in Eq. (2) converges for Re(2 +p+ v) >O. When /I = v we shall write, for 
example, 
Jr&4 2) = J,(a, z). (4) 
We shall also define integrals of modified Bessel functions Z,,(t) or other 
cylindrical functions C(t) by simply replacing J by I or C in the above 
definitions. In addition, we define J+ = J, Jp E I. 
Equations (l)-(3) are special cases of more general integrals expressed 
by Exton as triple sums [ 1, Section 3.21 which have not been completely 
exploited. Agrest and Maksimov [2] give CJu, z) in terms of incomplete 
cylindrical functions which are themselves expressed as integrals. 
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In Ref. [3] it is shown for the Bessel function of imaginary argument or 
MacDonald function K, that 
z&&a, z) = z&(z) A(a, z) + Z2K,(Z) B(a, z), 
where 
Here L and Q are Kampe de Feriet double hypergeometric functions 
(defined below) of order three and four, respectively. These functions are 
therefore non-Gaussian. Only members of the class of double Gaussian 
series of order two that consists of 34 distinct convergent forms have been 
given names [4, p. 54-J. These 34 forms are sometimes referred to as Horn’s 
list. 
In this paper, we shall show that the functions L and Q may also be 
employed to give representations for Eqs. (l))(4) for I and J. To this end 
we recall the definitions of the Kampe de Feriet functions L and Q: 
L[c(, 1; Y, 6; x, yl = QCa, 4 8; Y, 4 4 x, ~1, 1x1 < a, lyl < 00. 
We shall also obtain representations in terms of the third-order functions 
Thus we shall be able to obtain some reduction formulas for Q heretofore 
not available. 
REPRESENTATIONS FOR .(&(a, z), J&(a, z), J;,“(u, z) 
Since 
(Q)” J’(l)=- 
r(1 +v) 
,F, [--; 1 + v; f t*/4], 
we easily find that 
e”‘tpJv’ (t) = 
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Now assuming that Re( 1 + p + “) > 0 we obtain, on integrating term by 
term with respect to t, 
1 + IL + 1’ 
J,?Ju, 2) = z 
i ( uz)‘l ( f 27/4)“T 
2”I-(l + v) ,,!,,!=” n! PZ! 
1 
X(1+\~),,(l+~+v+2m+n)’ 
Substituting 
(5) 
1 1 (‘+:+J, (1 +P+“+22m), 
l+p+“+2m+n=l+ir+.(3+;+~)~(2+~+“+2m).. 
into Eq. (5) then gives 
J;,,,(a, z) = 
zI+jl+l, 
2”(1+/L+“)r(l +“)j, 
x ,F,[1+~+“+2m;2+~+++22m;az]. (6) 
Now using Kummer’s first theorem, 
,F,[a; c; z] =ez ,F,[c-a; c; -z], 
and separating the ,F, thus obtained into its even and odd terms using 
MacRobert’s identity [S, Eq. (3), p. 2001 we arrive at 
J$,,@, z) = z 1 + /1 + “&Jz x r+i+l (Tz2/4)” 
2’(1+P+v)r(l+v),= 
z”(3+‘;+“),ti(l+“)~ w! 
x IF, 
i L 
1; 
2+/L+” +m 3+p+v+m.a’z2 
2 ?2 ’ 4 I 
az (2+;+v)m 
x J, 1; 
3+P+v+m 4+p+v+,.ax 
2 ‘2 II ‘4 . (7) 
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Hence, using the definition of Q given earlier, we deduce 
J&b 2) = 
zI + p + venz 
2”(1+1*+v)T(l+v) 
1+/L+v 2+p+v 2+/L+v 3+I”+v 
2 ’ 2 1 1; 2 ’ 2 ’ 
fz2 a2z2 
l+v;---py- 1 
-2+T+?[ l+p+v 2 ’ 2+p+v 2 ,l; 
3+p+v 4+p+v 
2 ’ 2 
) 1+,;y,; II . (8) 
We remark that a somewhat longer derivation of Eq. (8) that does not 
depend on MacRobert’s identity is given in Ref. [6]. The use of 
MacRobert’s identity in the shorter development here was pointed out by 
the referee. 
On letting ,u = v in Eq. (8) we obtain a simpler formula involving the 
function L: 
z(z2/2)’ euz 
J~(ayz)=(1+2p)r(l+p) L 
H 
1 3 Tz2 a2z2 
~+P~~;~+P,~+P;~~~ 1 
az 
-----L 
[ 
Tz2 a2z2 
;+p, 1;;+/A,2+p;q’q . 
31 +pL) 11 
In addition we may split the series in Eq. (6) into even and odd terms 
without using Kummer’s theorem. This leads to 
J; ,(a, z) = 
zl+p+v 
2’r(1 +v) 
+ 
-2+p+v* 
2 . ’ ‘Tz2a2z2 -- 
4+p+v :1+v;; ; 
4’4 
2 I . (9) 
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we may then obtain from Eqs. (8) and (9) the following results: 
,1+p+v 
.(?(a, z) = i 
2”(1+p+v)I-(1 +v) 
l+p+v 2+p+v 
x{cos(uz)Q[ 2 ) 2 ;l;2+;+v,3+;+v, 
--ZzZ 
1+g,7 
1 
uz 
+ 
l+p+v 2+p+v 
2+p+v 
sin(az) Q 2 , 2 , 1; 
[ 
3+p+v 4+p+v - u2z2 
2 ) 2 
) l+v;y,T 
11 
z I f JL + 1’ 
=2’(1 +p+v)T(l +v) 
TZ2 
:l+v;i; 
4 ’ 
- &2 
4 1 > (10) 
J.&(a, z) = 
zl+p+b, 
2y(1 +p+v)T(l +v) 
x{sin(az)Q[ 
l+p+v 2+/A+\, 
2 , 2 , l;2+~+v,3+~+v, 
- u2z2 
l+v;$T 1 
uz l+,u+v 2+p+v 
-2+p+v 9 1; 
3+p+v 4+p+v - +z 2 
- 
2 ) 2 ,l+v;- 4’ - a2z2 II 4 
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az 2+pcv 
=2’(2+/L++)r(l +v) 
x p1iojo 
1.1.1 
-a2z2 
4 1 (11) 
Again, simpler formulas in terms of the function L are obtained in the 
particular case p = v (cf. Ref. [6, p. 61). We note that JcV and J$ may be 
obtained directly in terms of F :$ by expressing the ‘sine, cosine, and 
Bessel functions in terms of ,F, and then using Ref. [ 1, p. 173, 
Eq. (A.1.2.9)]. 
Finally, noting that Z,(z) and J,,(z) may be represented by 
(z/2)’ Z”(Z) = ___ r(l +v) e” ,F, C 
;+v; 1+2v; T2z 1 
J,,(z) = 
(42)” 
-e’” ,F, r(l + v) i+v; 1 +2v; f2iz I 
, 
we readily obtain 
Z 1+fl+v 
zJa’z)=2V(1+~+v)r(l+v) 
x F’i’io 
[ 
l+p+v: 1/2+v;-; 
‘.‘.O 2+/L+v: 1+2v ;--; 
f22, (af 1) z 1 (12) 
J,J4 z) = 
zl+lr+V 
2”(1+1*+v)f(l+v) 
x Fl;lio l+p+v: 1/2+v;-; 
‘.‘,O 2+c”+v: 1+2v ;--; 
+2iz, (a f i) z . 1 
These formulas may also be obtained by setting exp(crt) = orjb[cct] and then 
using Ref. Cl, p. 172, Eq. (A.1.2.5)]. 
REDUCTION FORMULAS 
In some instances Jzv(a, z), Jzv(a, z), J:,,(a, z) may be expressed in 
terms of generalized hypergeometric functions (see, for example, Ref. [7]) 
provided that we know a reduction formula for the Kampe de Firiet 
functions involved. The Kampe de Feriet function may also simply reduce 
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to a hypergeometric function as in Eq. ( 12) when u = + 1. By using Ref. [S, 
p. 55, Eqs. (19) (20) and (21)], respectively, we find 
L[cr, p; y, 6; x, x] = ,F,[c( + B; y, 6; xl 
L[cr, cr;y,S;x, --xl= ,F4 
y ysl 6 6+1 xz 
cx;z,2,z,2;16 
I 
Using Ref. [4, p. 28, Eqs. (33) and (34)], respectively, we find 
a:--;--; y+s-1 y+6 
2 ,2;P,~A,‘1+~-l;4x 1 
Q [ 
-1/2+v 1/2+v 
2 , --rj-, 1; x, B, 1 + v; x, x] 
3+2v 5+2v 
=2 
F 
3 ’ --ct,p, ’ 1 
4 4 
+v;x 1 
We may now give additional reduction formulas for Q. Using the F-symbol 
for Q we obtain from Eqs. (8) and (12) 
.1+/L+v 2+p+v 
2 ) 2 ; 1 ; F0:2:1 z2 z2 -- 
2:l;O 2+/.L+v 3+/L+v, lsv ;--; 
4’ 4 
2 ’ 2 . I 
’ 
&'0:2;1 
2:l;O L 
. l+/L+v 2+p+v 
2 ’ 2 ; 1 ; z2 z* -- 
3+/L+v 4+/.L+!J. l+v 
4’ 4 
2 ’ 
2 
;--; 
2+P+v e’F { 2 [ 1 + p + v, l/2 + v ; = 22 2 2+/L+vV,1+2v -22 ; 1 
- epz2Fz 
1 + p + v, l/2 + v ; 2z 
2+/L++, 1+2v ; II . 
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Finally, using Eqs. (lo), (11) and (14) and then replacing z by iz we arrive 
at 
F&2;’ 
2.1;o 
[ 
. l+p+v 2+p+v 
2 ' 2 ; 1 ; z2 z2 -- 
2+p+v 3+p+v. 
l+v ;--; 
4'4 
2 ' 2 1 
= cash 
1 +p+ v 1/2+v 3/2+v -- 
z $4 
2'2'2 
3+/.i+v 
2 ' l/2 + v, 1 + v, l/2 
2+p+v 3/2+v 5/2+v - - -. 
l+p+v ) -2 p v z sinh z JF4 2 3 2 2 
4+p+v 
'z2 
2 ' 312 v, + 1 + v, 312 ; 
.l+p+v 2+,U+v 
F;;:i:, I 2 ' 2 ; 1 ; z2 z2 -- 3+p+v 4+p+v. lsv ;--; 4'4 2 ) 2. 1 
1 +/A+v l/2+ v 3/2+ v - -. 
sinh z 
=(2+~+~)-2’4 
2'2 ) 
Z2 
Z 
1/2+v, 1 +v, l/2; 1 
2+p+v 3/2+v 5/2+v - -. 
-(l+p+v)coshz,F, 4+P2+v ’ 
2'2 ) 
z2 . 
2 ' 312 + v, 1 + v, 312 ; 1 
These results simplify somewhat when p = v with FTjTiA = Q replaced by 
F:$h = L, zF2 replaced by ,F,, and 3F4 replaced by 2Fx. 
SUMMARY 
Various representations for incomplete Lipschitz-Hankel integrals of 
Bessel functions have been given in terms of Kampe de Feriet double 
hypergeometric functions. Reduction formulas for the double series 
employed have been given in some cases. 
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